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Abstract: In the present paper, we study certain multidimensional fractional integral operators involving a
general A -function in their kernel. We give five basic properties of these operators, and then establish two
theorems and two corollaries, which are believed to be new. These basic theorems exhibit structural
relationships between the multidimensional integral transforms. The one-and —two —dimensional analogues of
these results, which are new and of interest in themselves, can easily be deduced. Special cases of these latter
theorems will give rise to certain known results obtained from time to time by several earlier authors.
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1. INTRODUCTION

Fractional integral operators have been defined and studied by various authors notably by Riemann
and Liouville [4], Weyl [4], Erdelyi [1,2], Kober [8], Sneddon [15], Kalla [11], Saxena [13] ,
Srivastava and Buschmann [16] etc.. These operators play an important role in the theory of integral
equations and problems concerning Mathematical Physics. In this paper, we shell study the following
multidimensional fractional integral operators having the general function ¢ as their kernel. Also, for

the sake of brevity, we shall use the symbol f (x) to represent f (x,,x,,...,x,) .
Gautam and Goyal [5] defined and represented the multivariable A -function as follows:

Alz,...,z, 1= A

P.Q:p; .05 P, .,

[z ' " Co ()~ 1
| ’1|(aj;Aj,...,Aj )1pi (€ C )y i (€ C ), |
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Vie{l, .....r} (1.2)

H rd-a, + Z Aj"si)H T (b, —Z B"s,)

®(s,,....s,) = ! A ! ' (1.3)
H I'(a. 72 A(')S)H rd-b, *Z Bs,
j=n+1 j=m+1

Here m ,n,p,q.,m,,n, , p,,andq,(i=1 ....,r) are non-negative integers and all

as,bs,d”s,c”s,Al”s and B”'s are complex numbers.

The multiple integral defining the A -function of r -variables converges absolutely if

larg(@ )z,| < S5, 6 = 0.7, >0 (1.4)
2

p q q; . P;
Ny A iy 8" 140} iy~ C}
Q =TT{A" 148" " IT4P,"y " JI4c™?
j=1 j=1 j=1

CVie{l, ..., 1} (1.5)
* |—F’ (i) ’ (i) . (i) ! (i)—| H
§I=|m|Lj§AJ —%BJ +]Z::1Dj —%cj J| Vie{l, .....,r} (1.6)

7, :Rel_zn: AEI) z A(I)+Z B(l) z B(I) z D(I) z D(l) ZC(I) zl Cji)~:
]

j=1 j=n+1 j=m+1 j=m;+1 j=n;+1

Vie{l, ....,r}; (1.7)
If we take A;s, B;S,C;s and D'js as real and positive andm = o, the A -function reduces to
multivariable H -function of Srivastava and Panda [17]
We are using the multivariable A -function in the following concise form throughout the text.

[z,
Alz,,..., z.]1= A'"’"_:M I : | o

1
o]
2 0]

(r)

j Ie (5,)..0,(s )P (S;,.....8,)2,*...2) ds,...ds, (1.8)
(27[0))
Where o =+ -1 ;
M =m,n;.;m_,n_;

Nr = pl’ql” pr’qr;

P = (c;,C ),y 5mi(ef” C)

1,p,’

And the definition of the functionsé,(s,) i=1, ....,r;®(s,,....,s,) and the condition of existence
of the multivariable A -function are the same as mentioned by Gautam and Goyal [5].
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We introduce the fractional integration operators by means of the following integral equations:

r

YLEOO =Y {00t ntsrnr b =TT (87)

i=1

b . x X )
j“‘[ !(xi) ] )|Jlf (x)dx,...dx, (1.9)

s [
IIHJ(XI) ' ¢\t_l ..... —’|Jlf(x)dxl...dxr (1.10)

Where the kernel ¢ is such that the above integrals make sense. The above operators exist under the
following conditions:

. 1 1
(i) p,<lg, <o, —+—=1i=12,...,r
pi qi

(i) Re(yi)>—L;Re(ﬁi)>——;i=l,2,...,r
q; P;

(iii) f(x)e L, ((0,),...(0,%));i=1,2,..,r
(iv)o<m,<q,,0<n <p,q, 200<n, <p,

The following special case of the multidimensional fractional integral operators involving product of
Gauss’s hypergeometric functions ([14], p.153, eq. (i) and (ii)) will be used in Section 3.

" 7ot ( X )

f = . a., B B — | f dx....d 1.11
H{E 0O} HLM joJ X, 2F1|\ o B M B, : |Jl (x)dx,...dx, (1.11)
And

' ( 5 J -5 -1 ( t \l
K {f(x) LR a B ms B | f(x)dx,...dX, (1.12)
o= ] e

The conditions of existence of these operators follow easily from the conditions given in the paper
referred to above.

The generalized multidimensional integral transformT , defined below, will also be required during
the course of our study:

T{f(X)is,. sr}z'f...jk(slx1 ..... s, x, ) f(x)dx,...dx, (1.13)

Where «k (s,x

11111

s, x, ) is the kernel of the transform T and the multiple integral occurring in the
equation (1.8) is assumed to be convergent.

The following multivariable A -function transform will also be used in the sequel:

ALTOOis, s} = [ Apamnis
0 0
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|—S X ' r ' ' r r —‘
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| | ‘ o o R R A COLENRCES (1.14)
LSX (0B, B ) i (d ;D)5 (dy7 Dy )l'q'J

r r
The transform defined above will be denoted symbolically as follows:
monimy gm0 (@A e ALY, e, )y el “)1 S% 11

A f(X)'p,q:pl,ql;,,,;p,.q,;(b,:s‘, ,,,,, 7)1 qild],D )y q e D), 'sr:xr ( ' 5)

2. SOME BASIC PROPERTIES

Propertyl. If f(x)e L, ((0,2),...,(0,0));1< p, <2 (or f(x)eM™ o ((0,00),...,(0,0)); p, > 2

where M 5 ((0,0),...,(0,0)) denotes the class of all functions f (x) e L, ((0,2),....(0,)); p, > 2,
which are the inverse Mellin transforms of functions belonging to

1 1 1 1 .
L, ((-o,®),....,(~0,©));Re(y,) > —,Re(5,) > —,—+—=1i=1,2,.,r)and the multi
' q P, P d

dimensional Mellin transform of the function f (x) exists, then
(@ ™ [Y{f(x);t1 ..... oy e 7, L3S sr]:

M [f(x);s,,....s [N {1;t tiy,—s, +1...,7, —s, +1} (2.2)

(b)M[N{f(x);t1 ..... 8,0, b5, sr]:

M [ f(x)is,.....s, ]Y {1t S, +s, +1} (2.2)

Where the symbol M occurring in (2.1) and (2.2) stands for the multidimensional Mellin transform
defined in the following way:

M { f(X);s,, ..., I I f(x)H )dxl...dxr (2.3)

i=1

Provided that the multiple integral involved in (2.3) exists.
Proof: To prove (2.1), we use (2.3)and (1.9) to obtain

tr

MY {f(0)}]= [ I(tf o h “‘[ ) (x) q{f—l ..... X—’\Jldtl...dtr (2.4)

0 i=1 1 r

Now interchanging the orders of t,and x, (i =1,2,....,r) integrals in (2.4), which is easily seen to be

permissible under the conditions stated with (2.1) and interpreting the results thus obtained with the
help of (1.10), we arrive at the required result (2.1).

The result (2.2) can be established in a similar manner.

Property2. If f (x) € L, ((0,0),...,(0,%));1< p; <2, g(x) e L, ((0,2),....(0,));,

(1 1)
Re(y,) > max| -—,-—|,(i=1,2,...,r), then
L P 4
j J' f(x)Y {g(x)}dx,..dx, = I...jg(x)N { £ (x)}dx,...dx, (2.5)

Provided that the multiple integrals involved in (2.5) are absolutely convergent.
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Propertya3.
(EJI)Y{]‘(WX);t1 ..... t 7 yr}:Y{f(x);th1 ..... LWy, yr}

(b) N {f(wx)t, ...t ;5,,..., Sh=W {f(X)itw, ...t w;5,..., 3.}

Provided that the multiple integrals involved in (2.6) and (2.7) are absolutely convergent.

Property4.

(a)Y{f(llx);t1 ..... t 7 7/r}:Y{f(x);1/t1 ..... 1/t 7, +1,..., }/r+l}

(B) N{f@/x)it, 58,8, ) =W { f(x);1/t,....1/t;6,-1,...,5, -1}

Provided that the multiple integrals involved in (2.8) and (2.9) are absolutely convergent.

Propertyb.

(a)Y{[H (xi'”‘)f(x);t1 ..... t Y, 7r]}=

i=1

r

IT (87)Y £ F 00t oty + By, + B,

i=1

r

(b) N {(H (xiﬁ') f(X)it, .t 8, §r]} =
J

i=1

r

IT (67 )N {0t t58, = B, 8, - B}

i=1

Provided that the multiple integrals involved in (2.10) and (2.11) are absolutely convergent.

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

(2.11)

The proofs of the properties 2 to 5 are straight forward and follow from the definitions (1.9) and

(1.10) of the multidimensional fractional integral operators involved therein.

3. RELATIONSHIP BETWEEN MULTIDIMENSIONAL FRACTIONAL INTEGRAL OPERATORS

AND MULTIDIMENSIONAL INTEGRAL TRANSFORMS

In this section, we shall establish two most general theorems exhibiting interconnections between the
fractional integral operators Yy and N defined by (1.9) and (1.10) respectively and the integral
transform T defined by (1.13). Next, we give two interesting corollaries interconnecting the
multidimensional fractional integral operators defined by (1.1) and (1.12) and the multidimensional

A -function transform defined by (1.14).
Theoreml. If

7(s,08,)=T{w@”)g)is, ....s } =

I...Ik(su)yx(u”)g(u)dul...dur (3.1)
0 0
And
vt t) =Y {FOC)t, ot ) =
' - b R o (x xr\l
IT(x7 ) [ FOODTT (%" )] = = [ dxpd, (3.2)
i=1 U i=1 \ L t, )J
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Then
7(8,.,8,) = o ()
pl "pr .[|J' .('J'
O(S, S, Xy X,y Py p,)AX L OX, (3.3)
Where

Yjl_r[(X:'_l\g(x’t\k(sx;\t ,,,,, tl:
T e e
ll_r[l(tly)].jlll[l [X.:'ying[X:Jk[sxij ¢{)t(—11 ,,,,, )t(—'rlexl...dxr (3.4)

Where p,and o (i=1,2,...,r)are non zero real numbers of the same sign and all the integrals

1

involved in equations (3.1) to (3.4) are assumed to be absolutely convergent. Also in (3.4) k| sx° |

=)
stands for k lexl’“ ..... s.x,”" J and so on.

Proof: Applying the formula (2.5) to the pair of equations (3.2) and (3.4), we get

o 0

jj f(x7)0(s,,.... S, Xy X\ Pyreees p,)dx,..dx, =
0

0

}}l_r[ (x.”i‘il\g (x%\k \(sxi\w/(x)dx ..dx (3.5

Now changing the variables of integrations on the right hand side of (3.5) slightly and interpreting the
result thus obtained with the help of (3.1), we easily arrive at (3.3) after a little simplification.

If in the above theorem, we replace p and h,(i =1,2,...,r) and take

g(X) _ 1—[ {Xih'(c‘ﬂ)_l} ’

i=1

¢(X):li_:[1 {ﬁzﬁ(ai,ﬁﬁm;ﬂi;xi)}

And T to be multidimensional A -function transform defined by (1.13), the right hand side of
equation (3.4) assumes the following form:

r i @ . ( o i\

o e L R s

([ = 2

Ikslxl'“,...,srx:"del...dxr (3.6)
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On evaluation the above integral with the help of known results ([4],p.398,eq.(2)) and
([3],p-105,eq.(1)) and the definition of multivariable A -function (1.1) and substituting the values of
O(S, S, X, \eens X,.p,..... p,) thus obtained, in the right hand side of equation (3.3), we obtain the

r

following interesting corollary with the help of equations (3.1) and (3.3).

Corollaryl. If h, >0,Re(l-a,)> m,meW ,(the set of whole number) < (i =1,2,...,r)are non-
zero real numbers of the same sign.

B #0,-1,-2,..;Re(C.)>0

(XIA) forsmallvaluesof x; )
f(x)= i=1,2,...,r

)
(x e )forlargevaluesof X;

The multivariable A -function satisfy the conditions corresponding appropriately to those given by
Srivastava and Panda ([18], p.130, egs. (1.1) and (1.15)), then

r
U,nz:,,.:O,nr:(m‘,n‘):...:(m(r),n(r)),

h, (¢, +1)-1 hy.
[T X" ):
; LL v (x7) Py piipy 0 (P (P al),

2042

: " . ! (r) (A ! oaln) ()
(a2j,a2j,azj)l‘pz.....(ari,a” ..... a; )l,ur'(ai"Zj)1.p>1“'"(ai ) S0
(

' N . ! (r) (b ' . ()
R T C R Y X 0 PR (IR D PR CHARY S A WO

( 1) f 1)
[1-ay+y=¢ [l lma 7 —¢,—|
N hyo he) -5 s -
(1 pon-mec, i hoiop, ey mmee, 2T
=Bty —m—c,,— |,..., -B.+y,—m-c, ,—
U )T he ) J
1 [ ’ 0,n,:.:0,n,:(m"n ). ( ) n '))
| %H UCEDR (Xha)_ Ny :
r L i=1 I ,pzqur...:p,,q,:(p,q):___;(p‘ ),q“)),
i-
[1(4),
i=1
(az. 0’.21 a;J)l [T '(ari'a;i """ :Jr))lp (ali’aj)lv b E') (lr)) (g

Q) : © g0
(035821 By oy 200 By B Dig, (078 g (0] 87, W

( 1) ( 1)
\\yl—cl,a)\ ..... ‘\Vr’crvh*)\ l
( ' LSS, (38.7)
[1=By+ri—cp— Lol 1B +y —c o —| J
\ r
Where
(ty,nt) = 1{f(x):t ! l—r[ t’
4 1’ ' r X;l"' =
i=1 lr(lial)J

l ( \ ]
f IH o P B ms ﬂ.v—| f(x7)dx,..dx. (3.8)
0 o i=1 k |)J
Prowded that

1b"-1)
chy+— o J<0;1sj3ni
J

( 1 b -1)

RGLGB+C+1+_ (i) J<0;1Sj£ni
h, B,

( 1 d(')
Re|o,A +¢C, +1+— m |<01<k<m

N h. D, )
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Re(o,A +y, +1)>0;i=1,2,...,r

Theorem?2. If

r(sl,..,sr)zT{z//(u”)g(u);s1 ..... s, } =

J‘...jk(su)t//(u”)g(u)dul...dur (3.9

And

' B ' [ 3
IT(87) [-f FODIT (%7 )| Lo |ldx1...dxr
Lo (5 %) (3.10)
then
S,,.S, )= o F(x7)
T( ) pl"pr{ {
O(S, .S, bt oy p )X X, (3.11)
Where
o(s,,..., S.at,on t, o, p,.)=
j rfo ) (R (Y l
Y HLXIP' Jng"JkLsx"Jtl ..... t b=
= J
e sk ﬂiw'ﬂ ( i\k( AE dx,...d (3.12)
t 7 A ’ ’ -+ .., —=* :
LRGN (R Kt

Where p,and o (i=1,2,...r)are non zero real numbers of the same sign and all the integrals
involved in equations (3.1) to (3.4) are assumed to be absolutely convergent.

Proof: The proof of the above theorem can be easily developed on the lines similar to those of
theorem 1.

Again, if in theorem 2, we replace p, by h, (i =1,2,...,r) and take

g (X) _ H {Xih'(c‘+1)71}

i=1

¢(X):li_[1{ﬁzﬁ(“vﬂﬁm;ﬁﬁxi)}

And T to be multidimensional A -function transform defined by (1.13), then proceeding on the lines
similar to those of corollary 1, we obtain the following interesting corollary:

Corollary2. . If h, >0,Re(1-«,) > m,m e W ,(the set of whole number) o (i =1,2,...,r) are non-
zero real numbers of the same sign.

B, #0,-1,-2,..;Re(c,) >0
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f(x)= =1,2,...,r

A
(xl ') for smallvaluesof x;

Bj -C 1
o(x ‘e 'X')forlargevaluesof X

The multivariable A -function satisfy the conditions corresponding appropriately to those given by
Srivastava and Panda ([18],p.130, egs. (1.1) and (1.15)), then

r

| {H Xihl(CI+1)71V/(Xh);

U,nz:,,.:O,nr:(m‘,n‘):...:(m(r).n(r)),

Py.Gyiipy ,qr:( p',q'):...:(p“),q“)),

' (r) (ry _(r)
(.- ag )lp (a a )1p‘l s(ay ayt)

(8 5.a,j.a,; )1‘92 L

(bZJ'ﬂél‘ﬁ;J)l“?z:”':(bfl'ﬂ;l """ rl )m, ‘(bJ'/jl)lvq'fl“"‘(bﬁr)'ﬂ:r)) (r)

19471

0,n,:..:0,n, ((mnY). ( (r) n(')),

;
P2 ptiPye 8 (A ) pm.q“’).

i=1

at”

: " . ! (V) (f)
(a“,azj,azj)l‘pz.....(a”,a” ..... a g )1, oy (a Ja )lp ei(a )

i 1000

(b2 P2 P2 gy i By B g, 058 Dqaiei®]7 8y

-1

(
|ay=ri-¢,-L,— || a, -y, —¢c, -1,—|
: R " \:Sp---,s,l (3.13)
‘ﬂ1’71’°1+m’1i\ ----- \ﬂr*}/,*cﬁrm*l,i\
L h ) ¢ ) J
Where
' t”i
w(t,...t) {0ttt =11 '
i=1 lr(l_al)J
P D t ) i
.[J'H X, L F e B m B | f(x7)dx,..dx, (3.14)
Lot 0=t N X; J
Provided that
] d;”\

(i)
i

J>O;1s j<m,

( 1 b -1)
Re|o B, +c +1+— <0;1< j<nii=1,2,..,r
h B
i j
( 1 d“)\

Re|aA+c+1+— |>O;1£k£mi

N )
Re(aiAI + B, —7i+m)> 0;i=1,2,....,r

The one and two-dimensional analogous of Theorems 1 and 2 can easily be deduced but since the
theorems contain a reasonably detailed analysis of the multidimensional case we prefer to omit their
details. The corollaries 1 and 2 given earlier are also new. They give rise to interesting theorems
involving multidimensional analogues of fractional integral operators defined by Kober [8], Riemann-
Liouville [4] and Wey!I [4] and simpler multidimensional integral transforms, on suitably specializing

. . - . A . . . .
the fractional integral operators and multidimensional ~ -function transform involved therein. Again,
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the one and two-dimensional analogues of corollaries 1 and 2, yield theorems essentially similar to
those given earlier by Gupta, Goyal and Handa ([6], p.165-170), Handa ([7], p. 200-204), Kalla ([9],
p. 1008-1010, [10] p. 54-56) and Mathur ([12] p.108-121).
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